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Abstract. For a ﬁxed word hyperbolic group we compare di¤erent residual properties related to
quasiconvex subgroups.
1 Introduction
Any group G can be equipped with a proﬁnite topology PTðGÞ, whose basic open
sets are cosets to normal ﬁnite index subgroups. It is easy to see that the group op-
erations are continuous in PTðGÞ. The group is residually ﬁnite if and only if the
proﬁnite topology is Hausdor¤.
A subgroup HcG is closed in PTðGÞ if and only if it is an intersection of ﬁnite
index subgroups; equivalently, for any element g B H there exists a homomorphism j
from G to a ﬁnite group L such that jðgÞ B jðHÞ. In this case the subgroup H is
called G-separable.
The proﬁnite closure of a subgroup HcG, i.e., the smallest closed subset con-
taining H, is equal to the intersection of all ﬁnite index subgroups K of G such that
HcK .
A group G is said to be LERF if every ﬁnitely generated subgroup is closed in
PTðGÞ. The class of all LERF groups includes free groups [6], surface groups [20]
and fundamental groups of certain 3-manifolds [20], [3].
Let G be a (word) hyperbolic group with a ﬁnite symmetrized generating set A
and let GðG;AÞ be the corresponding Cayley graph of G. A subset QJG is said to
be quasiconvex if there exists a constant hd 0 such that for any pair of elements
u; v A Q and any geodesic segment p connecting u and v, p belongs to a closed h-
neighborhood of the subset Q in GðG;AÞ. Quasiconvex subgroups are precisely the
ﬁnitely generated subgroups which are embedded in G without distortion [10, Lemma
1.6].
As noted in [13], in the context of word hyperbolic groups instead of studying
LERF-groups it makes sense to study GFERF-groups. A hyperbolic group is called
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GFERF if each quasiconvex subgroup is closed in PTðGÞ. Thus every LERF hy-
perbolic group is GFERF but not vice versa.
Unfortunately, it is completely unclear how to decide if a random word hyperbolic
group is GFERF (or LERF). With this purpose, Long [8] and, later, Niblo and
Williams [16] suggested utilizing the engulﬁng property. They say that a subgroup
HcG is engulfed if it is contained in a proper ﬁnite index subgroup of G. The fol-
lowing two theorems were established by Niblo and Williams in 2002:
Theorem A ([16, Theorem 4.1]). Let G be a word hyperbolic group and suppose that G
engulfs every ﬁnitely generated free subgroup with limit set a proper subset of the
boundary of G. Then the intersection of all ﬁnite index subgroups of G is ﬁnite. If G is
torsion-free then it is residually ﬁnite.
Theorem B ([16, Theorem 5.2]). Let G be a word hyperbolic group which engulfs every
ﬁnitely generated subgroup K such that the limit set LðKÞ is a proper subset of the
boundary of G. Then every quasiconvex subgroup of G has a ﬁnite index in its proﬁnite
closure in G.
The main goal of this paper is to generalize Theorems A and B by weakening their
assumptions and, in certain situations, strengthening their conclusions.
In a hyperbolic group G, the structure of a distorted subgroup can be very com-
plicated. Thus the basic idea is to use assumptions which concern only quasiconvex
subgroups. We prove the following results in Section 5:
Theorem 1. Let G be a hyperbolic group with a generating set of cardinality s A N.
Suppose that each proper free quasiconvex subgroup of rank s is engulfed in G. Then
the intersection of all ﬁnite index subgroups of G is ﬁnite. If G is torsion-free then it is
residually ﬁnite.
Theorem 2. Suppose that G is a hyperbolic group which engulfs each proper quasi-
convex subgroup. Let H be an arbitrary quasiconvex subgroup of G. Then H has ﬁnite
index in its proﬁnite closure K. Moreover KcHQ, where Q is the intersection of all
ﬁnite index subgroups of G.
The assumptions of Theorems 1 and 2 are less restrictive than the assumptions of
Theorems A and B, because if H is a quasiconvex subgroup of a hyperbolic group G
with jG : Hj ¼y then the limit set LðHÞ is a proper subset of qG (see [22, Theorem
4], [14, Lemma 8.2]).
In the residually ﬁnite case, Theorem 2 can be reformulated as follows:
Theorem 3. Let G be a residually ﬁnite hyperbolic group where every proper quasi-
convex subgroup is engulfed. Then G is GFERF.
Combining together the claims of Theorems 1 and 3 one obtains
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Corollary 1. Let G be a torsion-free hyperbolic group where each proper quasiconvex
subgroup is engulfed. Then G is GFERF.
Romanovskiıˇ [19] and, independently, Burns [2] showed that a free product of two
LERF groups is again a LERF group. We give yet another construction for GFERF
groups by proving the corresponding result for them (see Section 6):
Theorem 4. Suppose that G1 and G2 are GFERF hyperbolic groups. Then the free
product G ¼ G1  G2 is also a GFERF hyperbolic group.
2 Preliminaries
Let G be a group with a ﬁnite symmetrized generating set A. This generating set
gives rise to a word length jgjG for every element g A G. The (left-invariant) word
metric d : G  G ! NU f0g is deﬁned by the formula dðx; yÞ ¼ jx1yjG for any
x; y A G. This metric can be canonically extended to the Cayley graph GðG;AÞ by
making each edge isometric to the interval ½0; 1HR.
For any three points x; y;w A GðG;AÞ, the Gromov product of x and y with respect
to w is deﬁned as
ðxjyÞw :¼
1
2
ðdðx;wÞ þ dðy;wÞ  dðx; yÞÞ:
Since the metric is left-invariant, for arbitrary x; y;w A G we have
ðxjyÞw ¼ ðw1x jw1yÞ1G :
The group G is called (word ) hyperbolic in the sense of Gromov [5] if there exists
dd 0 such that for any x; y; z;w A GðG;AÞ their Gromov products satisfy
ðxjyÞwdminfðxjzÞw; ðyjzÞwg  d:
Equivalently, G is hyperbolic if there exists dd 0 such that each geodesic triangle D
in GðG;AÞ is d-slim, i.e., every side of D is contained an a d-neighborhood of the two
other sides (see [1]).
From now on we assume that G is a hyperbolic group and that d is large enough so
that it satisﬁes the conditions of both of the above deﬁnitions.
For any two points x; y A GðG;AÞ we ﬁx a geodesic path between them and denote
it by ½x; y. Let p be a path in the Cayley graph of G. Then p, pþ will denote the
initial point and end-point of p, and kpk the length of p; as usual, labðpÞ denotes the
word in the alphabet A written on p. We write elemðpÞ A G for the element of G
represented by labðpÞ. If W is a word in A, then elemðWÞ will denote the corre-
sponding element of G. The closed e-neighborhood of a subset AHGðG;AÞ will be
denoted by OeðAÞ.
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The d-slimness of geodesic triangles implies the 2d-slimness of all geodesic quad-
rangles abcd in GðG;AÞ:
½a; bHO2dð½b; cU ½c; d U ½a; d Þ:
A path q is called ðl; cÞ-quasi-geodesic if there exist 0 < lc 1, cd 0, such that for
any subpath p of q the inequality lkpk  cc dðp; pþÞ holds. A word W is said to
be ðl; cÞ-quasi-geodesic if some (equivalently, every) path q in GðG;AÞ labelled byW
is ðl; cÞ-quasi-geodesic.
Lemma 2.1 ([4, (5.6), (5.11)], [1, (3.3)]). There is a constant n ¼ nðd; l; cÞ such that for
any ðl; cÞ-quasi-geodesic path p in GðG;AÞ and a geodesic q with p ¼ q, pþ ¼ qþ,
one has pHOnðqÞ and qHOnðpÞ.
Lemma 2.2 ([14, Lemma 4.1]). Consider a geodesic quadrangle x1x2x3x4 in the
Cayley graph GðG;AÞ with dðx2; x3Þ > dðx1; x2Þ þ dðx3; x4Þ. Then there are points
u; v A ½x2; x3 such that dðx2; uÞc dðx1; x2Þ, dðv; x3Þc dðx3; x4Þ and the geodesic sub-
segment ½u; v of ½x2; x3 lies 2d-close to the side ½x1; x4.
If x; g A G, we write xg ¼ gxg1. For a subset A of the group G we write
Ag ¼ gAg1 and AG ¼ fgag1 j a A A; g A Gg.
Remark 2.1 ([10, Remark 2.2]). Let QJG be quasiconvex and g A G. Then the sub-
sets gQ, Qg and gQg1 are quasiconvex.
Thus each conjugate of a quasiconvex subgroup in a hyperbolic group is again
quasiconvex. Another important property of hyperbolic groups states that any cyclic
subgroup is quasiconvex (see e.g. [1]).
We will also use the concept of Gromov boundary of a hyperbolic group G; for a
detailed account the reader is referred to the relevant chapters in [4] or [1]. A se-
quence ðxiÞi AN of elements of the group G is said to be convergent to inﬁnity if
lim
i; j!y
ðxijxjÞ1G ¼y:
Two sequences ðxiÞi AN, ðyjÞi AN convergent to inﬁnity are said to be equivalent if
lim
i!y
ðxijyiÞ1G ¼y:
The points of the boundary qG are identiﬁed with the equivalence classes of se-
quences convergent to inﬁnity. It is easy to see that this deﬁnition does not depend on
the choice of a base-point: instead of 1G one could use any ﬁxed point p of GðG;AÞ;
see [1]. If a is the equivalence class of ðxiÞi AN, we will write lim
i!y
xi ¼ a.
The space qG can be topologized so that it becomes compact, Hausdor¤ and met-
rizable (see [4], [1]). Left multiplication by elements of G induces a homeomorphic
action of G on its boundary: for any g A G and ½ðxiÞi AN A qG set
g  ½ðxiÞi AN :¼ ½ðgxiÞi AN A qG:
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If g A G has inﬁnite order then the sequences ðgiÞi AN and ðgiÞi AN converge to in-
ﬁnity and we will use the notation
lim
i!y
gi ¼ gy A qG; lim
i!y
gi ¼ gy A qG:
The limit set LðAÞ of a subset AJG is the collection of points a A qG that are
limits of sequences (convergent to inﬁnity) from A.
We require an auxiliary binary relation between subsets of an arbitrary group G
deﬁned in [14]. For A;BJG, write A  B if and only if there exist elements
x1; . . . ; xn A G such that
AJBx1 UBx2 U   UBxn:
It is not di‰cult to see that the relation  is transitive and that for any g A G,
A  B implies gA  gB.
Lemma 2.3 ([14, Lemma 2.1]). Let A, B be subgroups of G. Then A  B if and only if
the index jA : ðAVBÞj is ﬁnite.
The basic properties of limit sets are described in the following statement:
Lemma 2.4 ([7], [22], [14, Lemma 6.2]). Suppose that A, B are arbitrary subsets of G
and g A G. Then
(a) LðAÞ ¼q if and only if A is ﬁnite;
(b) LðAÞ is a closed subset of the boundary qG;
(c) LðAUBÞ ¼ LðAÞULðBÞ;
(d) LðAgÞ ¼ LðAÞ, g LðAÞ ¼ LðgAÞ;
(e) A  B implies LðAÞJLðBÞ.
The following property of limit sets of quasiconvex subgroups was ﬁrst proved by
Swenson:
Lemma 2.5 ([22, Theorem 8], [11, Lemma 9.1]). Let A, B be quasiconvex subgroups of
a hyperbolic group G. Then LðAÞVLðBÞ ¼ LðAVBÞ in qG.
3 Auxiliary facts
Lemma 3.1. Assume that H is an h-quasiconvex subgroup of a d-hyperbolic group
G, X is a word over A representing an element of inﬁnite order in G, 0 < lc 1
and cd 0. Let n ¼ nðd; l; cÞ be the constant given by Lemma 2.1. There exists
N ¼ Nðd; h; n;GÞ A N such that for any m A N the following property holds.
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If a word W1U1X nU2 is ðl; cÞ-quasi-geodesic and satisﬁes
kU1k; kU2k > ðmþ nþ cÞ=l; ndN and elemðV1WV2Þ A H
for words V1, V2 with kV1k; kV2kcm, then there exist k A N and a A G such that
elemðX kÞ A Ha and jajGc 2dþ nþ h.
Proof. Consider a path q in GðG;AÞ starting at 1G and labelled by V1WV2. By
our assumptions, qþ A H. Let p and r be its ðl; cÞ-quasi-geodesic subpaths with
labðpÞ1W and labðrÞ1X n respectively. Choose an arbitrary phase vertex u A r
such that the subpath of r from r to u is labelled by some power of X .
By Lemma 2.1 we can ﬁnd v A ½ p; pþ satisfying dðu; vÞc n. Our assumptions and
the triangle inequality give
dðp; vÞd dðp; uÞ  dðu; vÞd lkU1k  c n > m;
dðpþ; vÞd dðpþ; uÞ  dðu; vÞd lkU2k  c n > m:
Hence v A O2dð½1G; qþÞ by Lemma 2.2. Thus
u A O2dþnð½1G; qþÞHO2dþnþhðHÞ;
i.e., there is an element a ¼ aðuÞ A G such that jajGc 2dþ nþ h and u A Ha.
Now, since the alphabet A is ﬁnite, there are only ﬁnitely many elements in G
having length at most 2dþ nþ h. Hence, if n is large enough, there will be two dif-
ferent phase vertices u1; u2 A r with aðu1Þ ¼ aðu2Þ ¼ a. By the construction,
u11 u2 ¼ elemðX kÞ A a1Ha
for some positive integer k (X k is a label of the segment of r from u1 to u2, provided
that these points are chosen in the correct order). r
Lemma 3.2. Assume that G is a hyperbolic group and HcG is a quasiconvex sub-
group. If g A G and gH  H, then H  gH.
Proof. If H is ﬁnite, the statement is trivial. Our assumptions imply that
gk1H  gk2H      gH  H
for all k A N. Hence
gk1H  H: ð1Þ
If g A G has ﬁnite order k, then we obtain the desired result by multiplying both
sides of the above formula by g.
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Thus we can further assume that H is inﬁnite and that g has inﬁnite order. There-
fore H has at least one limit point a A LðHÞ. Observe that (1) implies
gn LðHÞ ¼ LðgnHÞJLðHÞ;
and thus gn  a A LðHÞ for all n A N.
It is well known that if a0 gy in qG then the sequence ðgn  aÞn AN converges to
gy (see, for instance, [4, (8.16)]). Since LðHÞ is a closed subset of qG, in each case we
have
LðhgiyÞ ¼ fgy; gygVLðHÞ0q:
By Lemma 2.5, this implies that gk A H for some k A N. Combining this fact with (1)
we get H ¼ gkH  gH, which concludes the proof. r
The previous lemma has the following consequence:
Lemma 3.3. Suppose that H, K are subgroups of a hyperbolic group G such that
HcK , jK : Hj ¼y and H is quasiconvex. Then jK : ðK VHgÞj ¼y for any g A G.
Proof. If jK : ðK VHgÞj <y for some g A G then H  K  gHg1  gH by Lemma
2.3. Consequently g1H  H. Hence H  g1H by Lemma 3.2, implying that
gHg1  gH  H. But the latter leads to K  H, which contradicts the condition
jK : Hj ¼y (see Lemma 2.3). r
If G is a hyperbolic group, then each element g A G of inﬁnite order belongs to a
unique maximal elementary subgroup EðgÞ. By [17, Lemmas 1.16, 1.17] this subgroup
has the following description:
EðgÞ ¼ fx A G j xgkx1 ¼ gl for some k; l A Znf0gg
¼ fx A G j xgnx1 ¼ gGn for some n A Ng:
ð2Þ
Note that the subgroup EþðgÞ :¼ fx A G j xgnx1 ¼ gn for some n A Ng has index at
most 2 in EðgÞ.
Let W1;W2; . . . ;Wl be words in A representing elements g1; g2; . . . ; gl of inﬁnite
order, where EðgiÞ0EðgjÞ for i0 j. The following lemma will be useful:
Lemma 3.4 ([17, Lemma 2.3]). There exist constants l ¼ lðW1;W2; . . . ;WlÞ > 0,
c ¼ cðW1;W2; . . . ;WlÞd 0 and N ¼ NðW1;W2; . . . ;WlÞ > 0 such that any path p
in the Cayley graph GðG;AÞ with label W m1i1 Wm2i2 . . .Wmsis is ðl; cÞ-quasi-geodesic if
ik0 ikþ1 for k ¼ 1; 2; . . . ; s 1, and jmkj > N for k ¼ 2; 3; . . . ; s 1.
For a subgroup H of G denote by H 0 the set of elements of inﬁnite order in H; if
AJG, we write CHðAÞ for the centralizer of A in H.
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Set EðHÞ ¼7
x AH 0 EðxÞ. If H is a non-elementary subgroup of G, then EðHÞ is
the unique maximal ﬁnite subgroup of G normalized by H (see [17, Proposition 1]). If
g A G 0, we write TðgÞ for the set of elements of ﬁnite order in EðgÞ.
Let G be a hyperbolic group and H a non-elementary subgroup. Recalling the
deﬁnition from [17] (and using terminology from [12]), we say that an element g A H 0
is H-suitable if
EðHÞ ¼ TðgÞ and EðgÞ ¼ EþðgÞ ¼ CGðgÞ ¼ TðgÞ  hgi:
In particular, if g is H-suitable then g A CHðEðHÞÞ.
Two elements g; h A G of inﬁnite order are called commensurable if gk ¼ ahla1 for
non-zero integers k, l and some a A G. The following important statement was
proved by Ol’shanskii in 1993:
Lemma 3.5 ([17, Lemma 3.8]). Every non-elementary subgroup H of a hyperbolic
group G contains an inﬁnite set of pairwise non-commensurable H-suitable elements.
Suitable elements can be modiﬁed in a natural way:
Lemma 3.6 ([12, Lemma 4.3]). Let H be a non-elementary subgroup of a hyperbolic
group G, and g be an H-suitable element. If y A CHðEðHÞÞnEðgÞ then there exists
N A N such that the element ygn has inﬁnite order in H and is H-suitable for every
ndN.
In [14], the author studied properties of quasiconvex subgroups of inﬁnite index:
Lemma 3.7 ([14, Proposition 1]). Suppose that H is a quasiconvex subgroup of a hy-
perbolic group G and that K is a subgroup of G that satisﬁes jK : ðK VHgÞj ¼y for
all g A G. Then K has an element x of inﬁnite order such that hxiy VH
G ¼ f1Gg.
Later we will utilize a stronger result:
Lemma 3.8. Assume that H, K are subgroups of a d-hyperbolic group G such that H is
h-quasiconvex, K is non-elementary and jK : ðK VHgÞj ¼y for every g A G. Then K
has a K-suitable element y such that hyiy VH
G ¼ f1Gg.
Proof. Set K 0 ¼ CKðEðKÞÞ. Since EðKÞ is a ﬁnite subgroup normalized by K , we
have jK : K 0j <y. Therefore jK 0 : ðK 0 VHgÞj ¼y for all g A G. Applying Lemma
3.7, we can ﬁnd an element of inﬁnite order x A K 0 such that hxiy VHG ¼ f1Gg. By
Lemma 3.5 there is a K-suitable element z A K which is non-commensurable with x,
and hence hxiy VEðzÞ ¼ f1Gg.
Choose words X , Z in the alphabet A representing x, z. Then we can ﬁnd
l ¼ lðX ;ZÞ, c ¼ cðX ;ZÞ and N1 ¼ N1ðX ;ZÞ as in Lemma 3.4. Deﬁne n ¼ nðd; l; cÞ
and N2 ¼ N2ðd; h; n;GÞ as in Lemmas 2.1 and 3.1. Write N ¼ maxfN1;N2g and ap-
ply Lemma 3.6 to obtain ndN1 such that the element y ¼ xNzn A K is K-suitable.
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It remains to check that hyiy VH
G ¼ f1Gg. Assume otherwise, i.e., there exist
t A N and g A G such that yt A Hg. Then for each l A N, the element ytl A Hg will be
represented by the ðl; cÞ-quasi-geodesic word W1 ðX NZnÞ tl . If l is chosen su‰-
ciently large (compared with m ¼ jg1jG ¼ jgjG), then we can ﬁnd a subword of the
form X N in the ‘middle’ of W which satisﬁes all assumptions of Lemma 3.1. Hence
xk ¼ elemðX kÞ A HG for some k A N. This contradicts the construction of x. Thus
the lemma is proved. r
As usual, let G be a d-hyperbolic group and H an h-quasiconvex subgroup.
Lemma 3.9. Suppose that the elements x1; x2 A G have inﬁnite order, that
Eðx1Þ0Eðx2Þ and that hxiiy VHG ¼ f1Gg for i ¼ 1; 2. Then there exists N A N
such that for any m; ndN the elements xm1 , x
n
2 freely generate a free subgroup F of
rank 2 in G. Moreover, F is quasiconvex and F VHG ¼ f1Gg.
Proof. Choose words X1, X2 in the alphabet A representing x1, x2. Apply Lemma
3.4 to ﬁnd the corresponding l ¼ lðX1;X2Þ, c ¼ cðX1;X2Þ and N1 ¼ N1ðX1;X2Þ.
Then one can ﬁnd the constant n ¼ nðd; l; cÞ from Lemma 2.1 and deﬁne
N2 ¼ N2ðd; h; n;GÞ in accordance with Lemma 3.1.
Set N ¼ maxfN1;N2; bc=lc þ 1g, and consider arbitrary integers m; ndN and the
subgroup F ¼ hxm1 ; xn2icG. By Lemma 3.4 any non-empty (freely) reduced word
W in the generators fX m1 ;X n2 g is ðl; cÞ-quasi-geodesic. Hence
jelemðWÞjGd lkWk  cd lN  c > 0:
Consequently, elemðWÞ0 1G in G, implying that F is free with free generating set
fxm1 ; xn2g. By the construction of n, F will be e-quasiconvex, where
e ¼ nþ 1
2
maxfmkX1k; nkX2kg:
Consider a non-empty cyclically reduced word W in the generators fX m1 ;X n2 g. To
establish the last claim, it is su‰cient to demonstrate that elemðWÞ B HG. Arguing as
in Lemma 3.8, suppose that elemðWÞ A Hg for some g A G. Then ðelemðWÞÞ l A Hg
for every l A N. Choosing l su‰ciently large and applying Lemma 3.1 one obtains a
contradiction to the assumption that hxiiy VH
G ¼ f1Gg for i ¼ 1; 2, as in Lemma
3.8. Therefore F VHG ¼ f1Gg. r
Corollary 2. With the assumptions of Lemma 3.8, K has a free subgroup F of rank 2
which is quasiconvex in G, such that EðFÞ ¼ EðKÞ and F VHG ¼ f1Gg.
Proof. Choose a K-suitable element x1 A K as given by Lemma 3.8. Since K is
non-elementary, there exists y A KnEðx1Þ. Therefore x2 :¼ yx1 y1 A K 0 and
Eðx2Þ0Eðx1Þ (cf. (2)). By the construction, we have hxiiy VHG ¼ f1Gg for
i ¼ 1; 2. Hence F can be found by applying Lemma 3.9. Evidently EðKÞcEðFÞ, and
EðF ÞJTðx1Þ ¼ EðKÞ. Thus EðFÞ ¼ EðKÞ. r
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4 Free products of quasiconvex subgroups
Below we assume that G is a d-hyperbolic group generated by a ﬁnite setA. First let
us recall some properties of the hyperbolic boundary.
Lemma 4.1 ([12, Lemma 2.14]). Suppose that A, B are arbitrary subsets of G and
LðAÞVLðBÞ ¼q. Then supa AA;b ABfðajbÞ1Gg <y.
Remark 4.1. Suppose that g; x A G and g has inﬁnite order. If in qG we have
ðx  fgGygÞV fgGyg0q, then x A EðgÞ. If EðgÞ ¼ EþðgÞ then gy B G  fgyg.
Note that x  fgGyg ¼ fðxgx1ÞGyg ¼ Lðhxgx1iÞH qG. Since any cyclic sub-
group in a hyperbolic group is quasiconvex, we can apply Lemma 2.5 to show that
hgiVhxgx1i0 f1Gg. Hence x A EðgÞ.
Let EðgÞ ¼ EþðgÞ and suppose that gy ¼ x  gy for some x A G. Then, as shown
above, x A EðgÞ ¼ EþðgÞ. Hence
x  gy ¼ lim
n!yðxgx
1Þn ¼ lim
n!y g
n ¼ gy:
Thus we obtain a contradiction to the inequality gy0 gy.
Lemma 4.2. Let g; x A G, where g has inﬁnite order and EðgÞ ¼ EþðgÞ. Then there is
N1 A N such that for every ndN1 the element xgn A G has inﬁnite order.
Proof. If x B EðgÞ then the claim follows by [11, Lemma 9.14].
So assume that x A EðgÞ. Since EðgÞ ¼ EþðgÞ, the center of EðgÞ has ﬁnite index
in EðgÞ, and thus EðgÞ is an FC-group. By a theorem of B. H. Neumann [15] the
elements of ﬁnite order form a subgroup TðgÞ of EðgÞ. Therefore the cardinality of
the intersection fxgk j k A ZgVTðgÞ can be at most 1. Thus xgn B TðgÞ for each suf-
ﬁciently large n. r
The main result of this paper is based on the following statement concerning
broken lines in a d-hyperbolic metric space:
Lemma 4.3 ([18, Lemma 21], [14, Lemma 3.5]). Let p ¼ ½y0; y1; . . . ; yn be a broken
line in GðG;AÞ such that k½yi1; yik > C1 for i ¼ 1; . . . ; n, and ðyi1jyiþ1Þyi < C0
for i ¼ 1; . . . ; n 1, where C0d 14d and C1 > 12ðC0 þ dÞ. Then the geodesic segment
½y0; yn is contained in the closed 14d-neighborhood of p and k½y0; ynkd kpk=2.
Suppose that a, b, c, d are arbitrary points in GðG;AÞ. Considering the geodesic
triangle with the vertices 1G, a, ab, one observes that
ða j abÞ1G ¼ jajG  ð1G j abÞa ¼ jajG  ða1jbÞ1G :
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Now, since GðG;AÞ is d-hyperbolic,
ðajcÞ1Gdminfða j abÞ1G ; ðab j cÞ1Gg  d ¼ minfjajG  ða1jbÞ1G ; ðab j cÞ1Gg  d: ð3Þ
Replacing c by cd in the above formula, we get
ða j cdÞ1GdminfjajG  ða1jbÞ1G ; ðab j cdÞ1Gg  d: ð4Þ
Since the Gromov product is symmetric, we can combine (3) and (4) to obtain
ðajcÞ1GdminfjcjG  ðc1jdÞ1G ; ða j cdÞ1Gg  d
dminfjajG  ða1jbÞ1G ; jcjG  ðc1jdÞ1G ; ðab j cdÞ1Gg  2d:
ð5Þ
Theorem 5. Consider elements g1; x1; g2; x2; . . . ; gs; xs A G and an h-quasiconvex sub-
group H. Suppose that the following three conditions are satisﬁed:
(i) g1; . . . ; gs have inﬁnite order and are pairwise non-commensurable;
(ii) EðgiÞ ¼ EþðgiÞ for i ¼ 1; 2; . . . ; s;
(iii) EðgiÞVH ¼ EðgiÞV x1i Hxi ¼ f1Gg for i ¼ 1; 2; . . . ; s.
Then there exists N A N such that for every ndN the elements x1gn1 ; . . . ; xsg
n
s of G
have inﬁnite order, and the subgroup
M :¼ hH; x1gn1 ; . . . ; xsgns icG
is quasiconvex in G and isomorphic (in the canonical way) to the free product
H  hx1gn1i      hxsgns i.
Proof. Choose arbitrary elements w1;w2 AM and deﬁne w ¼ w11 w2 AM. Then we
can write
w ¼ h0ðxi1gni1Þ
1h1ðxi2gni2Þ
2 . . . hl1ðxil gnil Þ
 l hl ; ð6Þ
where hj A H, ij A f1; . . . ; sg, j A f1;1g, j ¼ 1; 2; . . . ; l, l A NU f0g. We can assume
that the representation (6) is reduced in the following sense: if 1c jc l  1, ij ¼ ijþ1
and jþ1 ¼ j then hj0 1G.
Consider a geodesic broken line ½y0; y1; . . . ; ylþ1 in GðG;AÞ with y0 ¼ w1 and
elemð½yk; ykþ1Þ ¼ hkðxikþ1gnikþ1Þ
kþ1 for k ¼ 0; 1; . . . ; l  1 and elemð½yl ; ylþ1Þ ¼ hl .
Thus elemð½y0; ylþ1Þ ¼ w and ylþ1 ¼ w2.
Now we ﬁnd upper bounds for the Gromov products
ðyk1jykþ1Þyk ¼ ðy1k yk1 j y1k ykþ1Þ1G ; for k ¼ 1; . . . ; l:
By the assumptions of the theorem, Lemma 2.5 implies that
xi  gyi ¼ ðxigix1i Þy B LðHÞ and gyi B LðHÞ; for i ¼ 1; . . . ; s:
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Since
Lðfxigmi ; gmi x1i jm A N; 1c ic sgÞ ¼ fxi  gyi ; gyi j 1c ic sgH qG;
we can apply Lemma 4.1 and deﬁne
a :¼ maxfðh j xigmi Þ1G ; ðh j gmi x1i Þ1G j h A H; 1c ic s;m A Ng <y:
Similarly, since gi and gj are non-commensurable if i0 j and EðgiÞ ¼ EþðgiÞ, we
have (from Lemma 2.5 and Remark 4.1)
G  fgGyi gVG  fgGyj g ¼q; G  fgyi gVG  fgyi g ¼q;
for all distinct i; j A f1; . . . ; sg. Hence the following numbers are also ﬁnite:
b1 :¼ maxfððxigmi Þ1 j hxjgtj Þ1G ; ðxigmi j hðxjgtj Þ
1Þ1G j h A H;
jhjGc 2aþ 2d; 1c i; jc s;m; t A Ng;
b2 :¼ maxfðxigmi j hxjgtj Þ1G ; ððxigmi Þ
1 j hðxjgtj Þ1Þ1G j h A H;
jhjGc 2aþ 2d; 1c i; jc s; i0 j;m; t A Ng:
Note that if h A Hnf1Gg then our assumptions imply that x1i hxi B EðgiÞ.
Therefore fgGyi gV ðx1i hxiÞ  fgGyi g ¼q from Remark 4.1, implying that
xi  gyi 0 ðhxiÞ  gyi for i ¼ 1; . . . ; s. Remark 4.1 also shows that gyi 0 h  gyi for
each i. Consequently, by Lemma 4.1,
b3 :¼ maxfðxigmi j hxigti Þ1G ; ððxigmi Þ
1 j hðxigti Þ1Þ1G j h A H;
jhjGc 2aþ 2d; h0 1G; 1c ic s;m; t A Ng <y:
Finally, deﬁne b ¼ maxfb1; b2; b3g,
C0 ¼ maxfaþ 2d; b þ d; 14dg þ 1 and C1 ¼ 12ðC0 þ dÞ þ 1: ð7Þ
Since g1; . . . ; gs have inﬁnite order there exists N A N such that for each i A f1; . . . ; sg
one has
jgni jG > maxfa; b; 2C1g þ aþ jxijG þ 2d; for all ndN: ð8Þ
By Lemma 4.2 we can also assume that x1g
n
1 . . . xsg
n
s have inﬁnite order for all ndN.
Fix an integer ndN and choose any k A f1; . . . ; l  1g. Then
ðyk1jykþ1Þyk ¼ ððxikgnik Þ
k h1k1 j hkðxikþ1gnikþ1Þ
kþ1Þ1G :
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To simplify the notation, we write
a ¼ ðxikgnik Þ
k ; b ¼ h1k1; c ¼ hk and d ¼ ðxikþ1gnikþ1Þ
kþ1 :
By construction,
ðajcÞ1G ; ða1jbÞ1G ; ðc1jdÞ1Gc a: ð9Þ
We need to consider two separate cases.
Case 1. jhkjG ¼ jcjGc 2aþ 2d. Then, from the deﬁnition of b, we have ða j cdÞ1Gc b.
Therefore, applying formulas (4) and (9), one obtains
bdminfjajG  ða1jbÞ1G ; ðab j cdÞ1Gg  d
dminfjgnik jG  jxik jG  a; ðab j cdÞ1Gg  d:
By (8) we have jgnik jG  jxik jG  a > b þ d, and hence the above inequality gives
ðyk1jykþ1Þyk ¼ ðab j cdÞ1Gc b þ d < C0:
Case 2. jhkjG ¼ jcjG > 2aþ 2d. Applying formulas (6) and (9) we obtain
adminfjajG  a; jcjG  a; ðab j cdÞ1Gg  2d:
Observing that
jajG  ad jgnik jG  jxik jG  a > aþ 2d and jcjG  a > aþ 2d;
we conclude that
ðyk1jykþ1Þyk ¼ ðab j cdÞ1Gc aþ 2d < C0:
Finally, we estimate the product ðyl1jylþ1Þyl ¼ ððxil gnil Þ
k h1l1 j hlÞ1G . Write
a ¼ ðxil gnil Þ
k , b ¼ h1l1 and c ¼ hl .
Using formula (3) and the deﬁnition of a one obtains
ad ðajcÞ1Gdminfjxil gnil jG  a; ðab j cÞ1Gg  d:
As before, this inequality implies that
ðyl1jylþ1Þyl ¼ ðab j cÞ1Gc aþ d < C0:
Thus we have shown that
ðyk1jykþ1Þyk < C0 for k ¼ 1; 2; . . . ; l: ð10Þ
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Now we need to ﬁnd a lower bound for the lengths of the sides in the broken line
½y0; y1; . . . ; ylþ1.
Let 0c kc l  1. Note that jabjGd jbjG  ða1jbÞ1G for any a; b A G. Hence
k½yk; ykþ1k ¼ jhkðxikþ1gnikþ1Þ
kþ1 jG
d jðxikþ1gnikþ1Þ
kþ1 jG  ðh1k j ðxikþ1gnikþ1Þ
kþ1Þ1G
d jgnikþ1 jG  jxikþ1 jG  a:
Applying inequality (8) we obtain
k½yk; ykþ1k > 2C1 if 0c kc l  1: ð11Þ
Two cases arise, depending on the value of k½yl ; ylþ1k ¼ jhl jG.
Case 1. k½yl ; ylþ1k ¼ jhl jGcC1. Then we can use inequalities (10) and (11) to apply
Lemma 4.3 to the geodesic broken line p 0 ¼ ½y0; . . . ; yl . Hence ½y0; yl HO14dðp 0Þ
and dðy0; ylÞd kp 0k=2.
Since geodesic triangles in GðG;AÞ are d-slim, we have
½y0; ylþ1HOdð½y0; yl U ½yl ; ylþ1ÞHOdþC1ð½y0; yl ÞHO15dþC1ðp 0Þ:
Now if ld 1 in the presentation (6), one can use (11) to obtain
dðy0; ylþ1Þd dðy0; ylÞ  dðyl ; ylþ1Þd kp 0k=2 C1d k½y0; y1k=2 C1 > 0:
Case 2. k½yl ; ylþ1k ¼ jhl jG > C1. Then we can apply Lemma 4.3 to the broken line
p ¼ ½y0; . . . ; yl ; ylþ1, thus obtaining
½y0; ylþ1HO14dðpÞ:
As before, if ld 1 one has
dðy0; ylþ1Þd kpk=2 > 0:
Thus in each case we have established the following properties:
½y0; ylþ1HO15dþC1ðpÞ; ð12Þ
dðy0; ylþ1Þ > 0: ð13Þ
The inequality (13) implies that w0 1G in the group G for any element w AM having
a ‘reduced’ presentation (6) with ld 1. Therefore
MGH  hx1gn1i      hxsgns i:
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As ndN is ﬁxed, one can deﬁne the constants
z ¼ max
1cics
fjxigni jGg <y and e ¼ 16 dþ C1 þ hþ z:
We will ﬁnish the proof by showing that ½y0; ylþ1HOeðMÞ, which implies that M is
e-quasiconvex.
Let k A f0; 1; . . . ; lg. Using the construction of yk AM and z, and d-hyperbolicity
of the Cayley graph, we obtain
½yk; ykþ1HOdþzð½yk; ykhkÞ: ð14Þ
Now H is h-quasiconvex, and therefore ½1G; hkHOhðHÞ. The metric in GðG;AÞ is
invariant under the action of G by left translations, and so
½yk; ykhkHOhðykHÞHOhðMÞ:
Combining this with (14) we conclude that
½yk; ykþ1HOdþhþzðMÞ for each k:
Finally, an application of (12) yields that
½y0; ylþ1HO15dþC1þdþhþzðMÞ ¼ OeðMÞ;
as desired. r
5 Hyperbolic groups with engulﬁng
Proof of Theorem 1. Since every elementary group is residually ﬁnite, it is su‰cient to
consider the case when G is non-elementary. Let x1; . . . ; xs be the generators of G.
Deﬁne
K ¼ 7
LcG; jG:Lj<y
L;
then K is normal in G. Suppose that K is inﬁnite. If K were elementary, then it would
be quasiconvex (from Lemmas 3.4 and 2.1). Hence, from a result of Mihalik and
Towle [9] (see also [14, Corollary 2]), K would have ﬁnite index in G, and so G would
also be elementary. Therefore K cannot be elementary.
Now we can apply Lemma 3.5 to ﬁnd pairwise non-commensurable K-suitable
elements g1; . . . ; gsþ1 A K . Since the trivial subgroup H ¼ f1GgcG is quasiconvex,
we can use Theorem 5 to show that the subgroups M ¼ hx1gn1 ; . . . ; xsgns i and
M 0 ¼ hx1gn1 ; . . . ; xsgns ; gnsþ1i are free (of ranks s and ðsþ 1Þ respectively) and quasi-
convex in G for some su‰ciently large n A N.
On residual properties of word hyperbolic groups 709
Note that M is a proper (inﬁnite index) subgroup of G because jM 0 : Mj ¼y.
From our assumptions, G has a proper ﬁnite index subgroup L with McL. By the
construction, KcL, and thus xig
n
i ; gi A L for i ¼ 1; . . . ; s. Consequently xi A L for
i ¼ 1; . . . ; s, and this is a contradiction since L0G.
Therefore K is ﬁnite. If G is torsion-free then K is trivial, and thus G is residually
ﬁnite. r
As EðGÞ is the maximal ﬁnite normal subgroup in G, we obtain immediately the
following statement:
Corollary 3. With the assumptions of Theorem 1, suppose in addition that
EðGÞ ¼ f1Gg. Then G is residually ﬁnite.
It will be convenient below to use the following equivalence relation between sub-
sets of a group G deﬁned in [14]: for any A;BJG such that A  B and B  A we
write AAB.
Remark 5.1 ([14, Remark 3]). If A;BJG, AAB and A is quasiconvex, then B is also
quasiconvex.
In particular, if AcB are subgroups of G and A has ﬁnite index in B then AAB.
Hence A is quasiconvex if and only if B is quasiconvex.
Lemma 5.1. Let G be a residually ﬁnite hyperbolic group and let HcG be a quasi-
convex subgroup. Suppose that every proper quasiconvex subgroup of G is engulfed.
Then H has ﬁnite index in its proﬁnite closure K in G.
Proof. Assume to the contrary that jK : Hj ¼y. Since G is residually ﬁnite, any
ﬁnite subset is closed in the proﬁnite topology. Thus H is inﬁnite; hence K is non-
elementary.
Choose some generating set x1; . . . ; xs of G. Since G is residually ﬁnite, it has a
ﬁnite index subgroup G1 satisfying
G1 V

EðKÞU6
s
i¼1
xiEðKÞx1i

¼ f1Gg: ð15Þ
Deﬁne H1 ¼ H VG1; then jH : H1j <y and, according to Remark 5.1, H1 is quasi-
convex. The proﬁnite closure K1 of H1 in G has ﬁnite index in K , and so K1 is non-
elementary and jK1 : H1j ¼y. The deﬁnition of a ﬁnite index subgroup implies that
there is l A N such that gl A K1 for each g A K . Since EðgÞ ¼ EðglÞ for any g A K 0 we
have
EðKÞJEðK1Þ ¼ 7
g A ðK1Þ0
EðgÞJ 7
g AK 0
EðglÞ ¼ 7
g AK 0
EðgÞ ¼ EðKÞ:
Thus EðK1Þ ¼ EðKÞ.
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By Lemma 3.3, we have jK1 : ðK1 VHg1 Þj ¼y for every g A G, and we can use
Corollary 2 to obtain a free subgroup FcK1 of rank 2 satisfying F VHG1 ¼ f1Gg
and EðFÞ ¼ EðK1Þ ¼ EðKÞ.
By Lemma 3.5, there exist elements g1; . . . ; gsþ1 A F which are pairwise non-
commensurable and F -suitable. Consequently EðgiÞ ¼ hgiiy  EðKÞ and, since EðKÞ
is ﬁnite, (15) implies that
EðgiÞVH1 ¼ EðKÞVH1 ¼ f1Gg; for i ¼ 1; 2; . . . ; sþ 1;
EðgiÞV x1i H1xi ¼ EðKÞV x1i H1xi ¼ f1Gg; for i ¼ 1; 2; . . . ; s:
Now we apply Theorem 5 to ﬁnd n A N such that the subgroups
M ¼ hH1; x1gn1 ; . . . ; xsgns i and M 0 ¼ hH1; x1gn1 ; . . . ; xsgns ; gnsþ1i
are quasiconvex in G and M 0 ¼ M  hgnsþ1iycG. Thus jM 0 : Mj ¼y and M is a
proper subgroup of G.
Since M is engulfed by hypothesis, G has a proper ﬁnite index subgroup L con-
taining M. We have K1cL because H1cMcL, and, since xig
n
i ; gi AM UK1HL,
we conclude that xi A L for i ¼ 1; . . . ; s, so that G ¼ L, a contradiction. r
We will now prove Theorem 3, which strengthens the statement of the previous
lemma.
Proof of Theorem 3. We can assume that G is non-elementary because any elemen-
tary group is LERF. Since G is residually ﬁnite, there is a ﬁnite index subgroup
G1cG with G1 VEðGÞ ¼ f1Gg.
Take an arbitrary quasiconvex subgroup HcG and set H1 ¼ H VG1. From Re-
mark 5.1, the subgroup H1 is quasiconvex in G. Therefore, by Lemma 5.1, H1 has
ﬁnite index in its proﬁnite closure K1 in G.
If H1 ¼ K1, i.e., if H1 is closed in the proﬁnite topology on G, then so is H. Thus
we can suppose that H10K1. Consequently jG : H1j ¼y, and thus jG : K1j ¼y.
The subgroup K1 is quasiconvex by Remark 5.1, and hence we can apply
Lemma 3.8 to ﬁnd a G-suitable element g A G such that hgiy VK1 ¼ f1Gg. Since
EðgÞ ¼ hgi EðGÞ, EðGÞ is ﬁnite and K1cG1, we have
EðgÞVK1 ¼ EðGÞVK1 ¼ f1Gg:
Now we can apply Theorem 5 to ﬁnd a number n A N such that the subgroups
M ¼ hH1; gni and M 0 ¼ hK1; gni are quasiconvex in G and M 0GK1  hgniy.
Using properties of free products, we observe that McM 0 and jM 0 : Mj ¼y
because H1yK1. On the other hand,M
0 is contained in the proﬁnite closure ofM in
G. Thus we obtain a contradiction to the assertion of Lemma 5.1. r
Before proceeding with the next statement, we need to recall some facts concerning
quasi-isometries of metric spaces. Let X and Y be metric spaces with metrics dð ; Þ
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and eð ; Þ respectively. A map f : X! Y is called a quasi-isometry if there are con-
stants D1 > 0 and D2d 0 such that
D11 dða; bÞ D2c eð f ðaÞ; f ðbÞÞcD1dða; bÞ þD2 for all a; b A X:
The spaces X and Y are said to be quasi-isometric if there exists a quasi-isometry
f : X! Y whose image is quasi-dense in Y, i.e., there exists ed 0 such that for each
y A Y there is x A X with eðy; f ðxÞÞc e.
Gromov [5] showed that if X is hyperbolic and quasi-isometric to Y (through some
map f : X! Y) then Y is also hyperbolic. He also noted that in this case the image
f ðQÞ of any quasiconvex subset QJX will be quasiconvex in Y.
Proof of Theorem 2. Note that Q is a ﬁnite normal subgroup of G by Theorem 1.
Consider the quotient G1 ¼ G=Q together with the natural homomorphism
c : G ! G1. Since Q is ﬁnite, c is a quasi-isometry between G and G1 (when G1 is
equipped with the word metric induced by the image of the ﬁnite generating set of G).
Therefore G1 is also hyperbolic and any preimage map c
1 : G1 ! G (which maps
an element of G1 to some element of G belonging to the corresponding left coset
modulo Q) is a quasi-isometry as well.
Choose an arbitrary proper quasiconvex subgroup H1cG1. Then c
1ðH1Þ is a
quasiconvex subset of G and
c1ðH1ÞJc1ðH1ÞJc1ðH1Þ Q;
where c1ðH1Þ is the full preimage of H1 in G.
As Q is ﬁnite, the above formula implies c1ðH1ÞAc1ðH1Þ. Therefore c1ðH1Þ
is quasiconvex in G by Remark 5.1. By our assumptions, there is a proper ﬁnite index
subgroup LcG containing c1ðH1Þ. By deﬁnition, QcL, and hence cðLÞ is a
proper ﬁnite index subgroup of G1 with H1ccðLÞ.
Thus we have shown that G1 also engulfs each proper quasiconvex subgroup. By
the construction, G1 is residually ﬁnite and therefore GFERF (from Theorem 3).
Consider any quasiconvex subgroup HcG. Then cðHÞ is quasiconvex in G1
and thus it is closed in the proﬁnite topology on G1. The homomorphism c is a
continuous map if G and G1 are equipped with their proﬁnite topologies, and thus the
full preimage c1ðcðHÞÞ ¼ H Q is closed in G. r
6 Free products of GFERF groups
In the previous section we considered hyperbolic groups which engulf every proper
quasiconvex subgroup. For brevity we call them QE-groups.
We see from Theorem 2 that any QE-group G is close to being GFERF. In fact,
G is quasi-isometric to the quotient G=EðGÞ which is GFERF by Corollary 3 and
Theorem 3. Nevertheless, it is still unclear whether each QE-group is GFERF.
Theorem 2 would yield a positive answer if a free product of any two QE-groups
were itself a QE-group. Unfortunately, the author is unable to prove this; in fact, he
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doubts if it is true in general. However, the following statement, proved by Burns,
can be used to show that a free product of GFERF groups is again GFERF:
Lemma 6.1 ([2, Theorem 1.1]). Suppose that G is the free product of a family of sub-
groups Gi of G indexed by some set I , and let H be a ﬁnitely generated subgroup. If for
all i A I , g A G, the subgroup H g VGi is Gi-separable, then H is G-separable.
Let H be a subgroup of a group G. Suppose thatA and B are ﬁnite generating sets
for G and H respectively and j  jG, j  jH are the corresponding length functions. Set
c^ ¼ maxfjbjG : b A Bg. Evidently jhjGc c^jhjH for all h A H.
We say that H is undistorted in G if there exists a constant cd 0 such that
jhjHc cjhjG for every h A H. In a hyperbolic group G, a ﬁnitely generated subgroup
is undistorted if and only if it is quasiconvex (see [10, Lemma 1.6]).
Proof of Theorem 4. It is well known that a free product of hyperbolic groups is a
hyperbolic group (see, for instance, [4, (1.34)]). Thus G is hyperbolic. Clearly, the
subgroups G1 and G2 are undistorted in G; consequently, they are quasiconvex.
Choose an arbitrary quasiconvex subgroupHcG, an element g A G and i A f1; 2g.
The subgroup Hg is quasiconvex by Remark 2.1. Since the intersection of two quasi-
convex subgroups is quasiconvex, from [21, Proposition 3], the subgroup Hg VGi
is quasiconvex in G. Consequently, Hg VGi is undistorted in G, and hence undis-
torted in Gi. Thus ðHg VGiÞ is Gi-separable because Gi is GFERF. By Lemma 6.1, H
is G-separable. r
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